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ABSTRACT: When we teach power series, students are taught how to find the power series’ interval of convergence and
some ways on how to estimate how many terms are needed to calculate a value, at certain degree of accuracy. What is
almost always overlooked is that numerical calculations are not done with infinite precision. Algorithms will be developed
for calculating the exponential, logarithmic, and Bessel (first kind, of integer order) functions. Infinite series representations,
properties, and identities of each of the functions are incorporated in the algorithms, resulting in robust, versatile, and
accurate calculations. The Bessel algorithm will use a unique application to the Taylor’s Series, centered at a non-zero
center, and is applicable for complex arguments.
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INTRODUCTION
When we teach power series, students are taught how to find the power series’ interval of convergence and some ways on how
to estimate how many terms are needed to calculate a value, at certain degree of accuracy. What is almost always overlooked
is that numerical calculations are not done with infinite precision. Loss of precision is also not mentioned. Two ways this
enters is when a large number of calculations are performed and when numbers of near equal values are subtracted. So, if
the series is not always positive and the result has a magnitude smaller than terms with larger magnitude, then one may
assume that there is a loss of significant digits.
Algorithms will be developed for calculating the exponential, logarithmic, and Bessel (first kind, of integer order) functions.
Infinite series representations, properties, and identities of each of the functions are incorporated in the algorithms, resulting
in robust, versatile, and accurate calculations. The Bessel algorithm will use a unique application to the Taylor’s Series,
centered at a non-zero center, and is applicable for complex arguments.
NATURAL LOGARITHM
For the natural logarithm, ln(x), we have the following power series for the natural logarithm:
ln(1 − x)

= −

∞
X
xn
n
n=1

(1)

where |x| < 1.
There are two problems in using this power series:
1. The series is only valid for −1 < x < 1.
2. For values near −1 and 1, a great many of terms would be needed.
First we turn our attention to approximating ln(2). Since

ln(2) = ln 0.5−1 = − ln(0.5) = − ln(1 − 0.5),
we may use (1), with x = 0.5. The series will have all positive terms, double precision convergence within 20 terms, and
quadruple precision convergence within 45 terms.
Suppose that x > 0.
1. Write x = b ∗ 2m , where 1 ≤ b < 2 and m is an integer.
2. If 1 ≤ b ≤ 34 , then define a = b and n = m.
Else define a =

b
2

and n = m + 1.
2
4
Thus we have x = a ∗ 2n , where < a ≤ and n is an integer.
3
3
3. Set z = 1 − a, then a = 1 − z, −

1
1
≤ z < and
3
3
ln(x) = ln(a) + n ln(2) = ln(1 − z) + n ln(2).

4. Use (1) to approximate ln(x).
Since |z| < 13 , the series will quickly converge.

RESULTS: NATURAL LOGARITHM
Comparing the double precision calculations of the above algorithm and the natural logarithm of the C++ compiler, using
x ranging through the integers 2 throught 2310000, the average number of agreed digits was 15.94 (0.38% relative error).
Comparing the quadruple precision calculations of the above algorithm and the natural logarithm of the C++ compiler, with
quadmath, using x ranging through the integers 2 throught 2310000, the average number of agreed digits was 33.67 (0.97%
relative error).
EXPONENTIAL FUNCTION
For the exponential function, ex , the exponential function’s power series is
ex

=
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n!
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(2)

where x is any real number.
When |x| < 1, (2) will quickly converge. However, for larger magnitudes of x, convergence may take a great many terms,
introducing the possibility of roundoff errors.
Recall that for real numbers a and b,
eab

=

(ea )

b

(3)

Suppose that x > 1.
1. Write x = a ∗ 2n , where 0.5 ≤ a < 1 and n is a whole number.
2. To approximate ex , first use (2) to approximate ea .
3. Repeatedly square this result n times.
For x < −1, use the above scheme to approximate e−x , then take it’s reciprocal.
RESULTS: EXPONENTIAL
Comparing the double precision calculations of the above algorithm and the exponential function of the C++ compiler,
using x ranging from 1 to 709, step size of 0.001, the average number of agreed digits was 12.46 (22.13% relative error).
Comparing the quadruple precision calculations of the above algorithm and the the exponential function of the C++ compiler,
with quadmath, using x ranging from 1 to 11356, step size of 0.02, the average number of agreed digits was 29.46 (13.35%
relative error).
BESSEL FUNCTION
Bessel functions of the first kind, Jn (x), when using the standard math or complex headers in C++, are only defined for
real numbers. The need to evaluate Jn (x), in C++, at complex values, has driven me to look for, or develop, a method that
would accurately, and efficiently, make these calculations.
The power series for Jn (z), for all complex z, is
Jn (z)
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For |z| ≤ 2, the power series will rapidly converge for all n.
For |z| > 2, consider the following ratio:
2(k+1)

(−1)k+1 ( z2 )
(k+1)!((k+1)+n)!
2k

(−1)k ( z2 )
k!(k+n)!
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So, for z, such that |z| ≤ 2 n + 1, the power series for the Bessel function has terms whose magnitude is always decreasing.
Thus the convergence of the power series should happen in a small number of terms. Note that this region of values is

relatively small; in fact does not include even the first non-zero zero of Jn (z). Thus the power series was only partially
helpful.
From here we now turn to the Taylor’s series for answers. Since Jn (z) is a smooth function, we may consider its Taylor’s
series, expanded around a number z0 :
Jn (z)
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Now there is the big issue of finding the general derivative of Jn (z). For this, we have the following identities:
Jn0 (z)
0
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(z)
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(7)
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Using (7) and (8), we may recursively write all the derivatives of Jn (z) in terms of Jn (z) and Jn−1 (z).
Notice that, in general,
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In the same manner, we can recursively write the mth derivative of Jn−1 (z) as:
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Thus we can recursively write the mth derivative of Jn (z) as:
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where
a0,0 = 0, b0,0 = 1
am,0 = bm−1,0 , bm,0 = −am−1,0
am,m = (n − m)am−1,m−1 , bm,m = −(m + n − 1)bm−1,m−1
For 1 ≤ k < m
am,k = (n − k)am−1,k−1 + bm−1,k
bm,k = −am−1,k − (k + n − 1)bm−1,k−1

k=1

k=1

where a0,0 = 1, b0,0 = 0, and all other coefficients are defined as in (10).
Since Jn (−z) = (−1)n Jn (z) and Jn (z) = Jn (z), for all complex z, we need only find an algorithm to calculate Jn (z), where
z has non-negative real and imaginary parts.

√
1. If |z| ≤ 2 n + 1, then use (4) to calculate Jn (z).
2. Else
p
√
(a) If Re(z) < 2 n + 1, set z0 = Re(z) + i 4(n + 1) − (Re(z))2 and use (4) to calculate Jn−1 (z0 ) and Jn (z0 ).
(b) Else set z0 = Re(z) and use built-in real-valued function to calculate Jn−1 (z0 ) and Jn (z0 ).
(c) While Im(z − z0 ) > 1
i. Set z1 = z0 + i
ii. Use (6) to calculate Jn−1 (z1 ) and Jn (z1 ), where each derivative is calculated using Jn−1 (z0 ) and Jn (z0 ) in
(10) and (11).
iii. Set z0 = z1
(d) Use (6) to calculate Jn (z1 ), where each derivative is calculated using Jn−1 (z0 ) and Jn (z0 ) in (10) and (11).
RESULTS: COMPLEX BESSEL CALCULATIONS
To check for accuracy of the above algorithm, I observed how accurate the algorithm preserved the identity:
Jn+2 (z) =

2(n + 1)
Jn+1 (z) − Jn (z)
z

100 complex numbers were randomly chosen with the real part from (0, 300) and the imaginary part from (0, 10). The identity
was checked for each 0 ≤ n ≤ 198. Using double precision, the average number of agreed digits was 14.58 (8.88% relative
error). Using quadruple precision, the average number of agreed digits was 32.44 (4.59% relative error).
100 complex numbers were randomly chosen with the real part from (0, 300) and the imaginary part from (10, 300). The
identity was checked for each 0 ≤ n ≤ 198. Using double precision, the average number of agreed digits was 14.19 (11.31%
relative error). Using quadruple precision, the average number of agreed digits was 32.13 (5.5% relative error).
CONCLUSION
The natural logarithm algorithm perform much better thand the exponential algorithm, when compared to the established
calculations. The Bessel function algorithm, especially with quadruple precision, did an acceptible job is preserving the given
identity.
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Synopsis:
Algorithms will be developed for calculating the exponential, logarithmic, and Bessel
functions. Properties and identities of each of the functions are incorporated in the
algorithms, resulting in robust, versatile, and accurate calculations. The Bessel algorithm will
use a unique application to the Taylor's Series, centered at a non-zero center, and is applicable
for complex arguments.

