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NOTATION 

a             crack length, hole radius 
A            cross sectional area 
C stress optical constant 
d thickness of specimen 
Dmax caustic’s maximum diameter 
F Axial force 
Zi distance between the divergent light source and the model  
Zo distance between model and screen 
W plate width 
 applied stress 
x, y Plane Cartesian stress components 
r, θ Plane polar stress components 
λ magnification factor 
  
ABSTRACT 
Mathematics and engineering optics are correlated seeing that the literature is inconclusive in 
regard to selecting the maximum diameter of the reflected caustics image.  An experimental 
investigation was performed to establish the effects of diffraction on the determination of stress 
intensity factors utilizing the method of reflected caustics.  Mathematical reflected caustics from 
the front and rear face of a transparent material were generated and validated by experiment.  
The study introduces the reflected caustics from the rear face of a plate with a circular hole as a 
calibration method.  The accuracy of the proposed calibration technique is demonstrated by 
comparing experimental results to theory. 
 
INRTODUCTION 
The experimental optical method of caustics was established for solving the singularity at the 
crack tip by evaluating mode I stress intensity factor (SIF) under static and dynamic loading.  
Manogg [1] introduced the method of transmitted caustics and Theocaris [2] introduced the 
method of reflected caustics. The method is one of the few experimental methods which provide 
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applicable results in regions with high stress gradients.  Thus, it is applicability was gradually 
extended for the solution of other engineering problems that deal with stress concentration.  For 
example, the method was extended to the analysis of contact problems for mechanically isotropic 
[3] and anisotropic materials [4].  Spitas et al. used the method to measure the contact of gear 
tooth pairs in mesh [5].   
 
In the last decade, the main emphasis is extended to study dynamic fracture of anisotropic 
material and dynamic propagation of multi-cracks and interface cracks in practical engineering 
materials. Researchers have compared the method to other experimental techniques and 
concluded that it is a powerful method to solve statics as well as dynamics fracture problems.  In 
2011, Yao and Xu [6] reviewed the recent advances and applications about the dynamic caustic 
method such as impact response and dynamic fracture of composite materials.   
 
Stress Intensity Factor  
Due to the high stress concentration in the region surrounding the crack tip, both the thickness 
and the refractive index of the materials change.  As a consequence, the area surrounding the 
crack tip acts similar to divergent lens.  The caustic is the image of a circular line on the 
specimen centered at the crack tip, which is called the initial curve.  While the method is simple 
for determining SIF, special precautions should be taken so that correct evaluation equation are 
used.  Sources of experimental error such as the quality of the incident beam, specimen surface 
preparation and the alignment of the specimen loading fixture were considered in the study by 
Wallhead et al. [7].  Incorrect experimental measurements, utilizing reflected caustics, are also 
discussed in relation to the resulting error for evaluating the crack tip stress intensity factor [8] 
 
When the initial curve is inside the region where the stress state is predominately three-
dimensional, the simple caustic equations are not valid [9].  It was found that the values of the 
stress intensity factor KI, which were based on the diameters of the caustics, were varied with the 
load, the crack length and the caustic shape because the caustic becomes oval in higher loads or 
higher crack length.  Thus, in 2011 Papadopoulos proposed a new formula for calculating KI 

depending on the area of caustic [10].  Due to the diffraction effects, the literature is inconclusive 
about the measurement of the maximum diameter of the transmitted caustic [11].  Tomlinson and 
Patterson [12] investigated the effects of curvature on the SIF determined from reflected caustics.  
They found that relatively small surface curvatures caused significant errors in the stress 
intensity factor. 
 
Holes 
In the case of a uniaxially loaded perforated plate, the method of caustics had been used for the 
experimental determination of the difference of the remotely applied stresses.  This is not a 
practical approach considering other experimental stress analysis techniques.  However, the 
application of the caustics images in a plate with a circular hole was extended for determining 
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some materials properties.  For example, Younis utilized the transmitted and reflected caustic for 
the determination of some mechanical properties [13].   Some critical points related to the 
applicability of the optical method of reflected caustics in the case of a plate with a central hole 
were explored in 2011 [14].  The defined critical distance was correlated with the condition, 
which influence the caustic, thus the range of applicability of the method of caustic around hole 
was defined [15]. The validity of this range was experimentally checked. 

PROBLEM STATEMENT 
Theoretically, the reflected from the rear face caustic band can be located at the transition from 
the inner dark space to bright rim. Except for the diffraction effects, the caustic band has a finite 
width and herein lies the measurement problem.  This causes uncertainty in selecting the 
maximum diameter.  Thus, in this study the stress optical constant is determined using the 
reflected caustic [16] and its value used in calculating KI utilizing the same method.  Accounting 
for the diffraction effects, the results obtained based on the proposed technique show that the 
results of determining KI can be enhanced considerably.  This article deals with the reflected 
from rear face caustic and the reflected one from the front face is beyond the scope of this study.  
 
MATHEMATICS AND MECHANICS 
The advantage of reflected caustics relative to other optical experimental techniques is that the 
same equipment can be used in either a reflection or a transmission arrangement.  In addition, the 
application of the reflected caustics is more practical than that of the transmitted one in the 
engineering field.  The principle of the method is simple in concept.  The formation of the 
caustics image is dependent on the stresses in a structural member or machine component.  
Therefore, it is an ideal method to be used for when there is a stress concentration factor (holes) 
or SIF (cracks) since high stress gradients produce large deflection of the light rays and an image 
with distinguishing characteristics.   

Consider an edge crack of length a, or a small circular hole of radius a, in an infinite plate under 
uniform unidirectional tension σ = F/A as shown in figures 1 and 2.  The theory of elasticity 
solution for edge crack [17] and central hole [18] in an infinite plate is: 

Table 1:  Stress fields equations 
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Figure 1 Edge crack in an infinite plate subjected to a remote tensile stress 

 

Figure 2 Central hole in an infinite plate subjected to a remote tensile stress 
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Stresses in a solid alter the optical properties of the solid.  These changes in the optical properties 
are utilized in the method of caustics.  Due to the high stress concentration in the region 
surrounding the hole/crack, both the thickness and refractive index (hence the optical path) of the 
material will change.  The changes in the thickness and optical path are [19]: 

Δ                                                                                                                         (1) 

Δ                     (2) 

From the stress fields in the Table 1, the sum of the in-plane principal stresses is shown in Table 
2 (equation 3). 

MATHEMATICS AND OPTICAL ENGINEERING 
As a result of the high stress in the vicinity of the crack tip/hole, the area acts similar to a 
divergent lens.  The deviation vector D is shown in Fig. 3.  The direction and magnitude of the 
deviation vector are correlated to the change in the optical path Δs and it is given by the eikonal 
equation [20] as:  

D Z  grad Δ                                                                                                                          (4)  
 

  
                             

Figure 3 Mapping of the object plane onto the image plane 
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Substituting the sum of principal stresses (equation 3) into equations 1&2; and then the results 
into equation 4 yields equation (5).  The mapping of the specimen plane on the image plane is 
shown in Fig. 4.  The point p is placed in a local region near the hole (or edge crack).  However, 
after propagating down the optical bench, the deflected light ray impinges the screen at point p’ 
whose location is given by the vector r’. The image vector equation can be written as: 

/                                                                                                                                     (7) 

 

Figure 4 Geometrical conditions of the reflected caustic analysis 

From eqs. (5) and (7), the vector  /  in the Cartesian coordinates (x, y) is shown in equation (8) 
for both singularities.  The complete family of the deflected light rays forms a shadow space in 
front of the object plane.  Its surface is an envelope to the light rays and is called the caustic 
surface.  The intersection of this surface with the image plane forms the caustic curve.  This 
caustic curve is multi-valued, singular solution of eqs. (4)  and (7).  Since the mapping along the 
caustic curve is not reversible, the sufficient condition for the existence of the caustic curve is 
obtained if the Jacobian of Eqs. (4) and (8) vanishes, that is, 

  0                                                                                                                                 (9) 

Consequently, applications of Eq. (9) to the mapping equations (7) give the equations of the 
initial curves (10).  The initial curves are circles, around the crack tip and the center of the hole, 
with fixed radii ro.  With the mapping equations (7) the caustic curves are finally obtained as 
images of the initial curves (10) and are given as shown in equations (11) in the table below. 
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Mathematically, the caustic curve at the crack tip is generalized epicycloids and around the 
center hole is classified as a nephroid as shown in Fig. 5.  For the quantitative evaluation of 
caustics a length parameter between characteristics points on the caustic curve is defined, e.g., 
the maximum diameter of the caustic curve given by the maximum diameter Dmax in Fig. 5.  
These distances are related to the radii of the initial curve by equations (12).  With equations (9) 
and (12) a quantitative formula is obtained in each case relating the size of the reflected caustics 
pattern with mode one SIF (KI) and the stress optical constant for central hole image, listed as 
equation 13. 

Table 2:  Mathematics and Engineering 

Equation Edge Crack Circular Hole 
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EXPEREMENTS 
The experimental arrangement of the method is simple as shown in Fig. 6. A convergent, or 

divergent, light beam impinges on the specimen in the close vicinity of the crack tip/hole and the 

reflected rays are received on a reference plane, parallel to the plane of the specimen. These rays, 

due to the thickness and refractive index variations in the region close to the crack tip/hole, are 

reflected in a dispersive way. Some of these rays are concentrated along a strongly illuminated 
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curve on the reference plane, which is placed at some distance Zo from the specimen. This is 

called a caustic. 

                                                                                

 

                         

Figure 5 Theoretical caustics for central hole and edge crack 

 

 
  

Figure 6 Experimental arrangement of the reflected caustics method 
 
The method of reflected caustics was applied to a thin plate containing an edge crack (6.5mm) 
and subjected to a uniaxial load at distance from the crack.  The material of the plate was 
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plexiglass since it is mechanically and optically isotropic material.  The method was also applied 
to a plate from the same plexiglass sheet (230x40x3.3mm), but with a central hole of 3 mm 
diameter.  A monochromatic light beam emitted from a He-Ne laser was used as the light source. 
All models were loaded in tension to a level below the yield strength of the material.  The 
resulting reflected caustics images are shown in figure 7.   
 
The inner caustics are the results of the light reflecting from the front face whereas the outer ones 
are due to the light reflecting from the rear face of the specimens.  Furthermore, the reflected 
caustic from the front face is related to the mechanical properties of the material and the outer 
caustics are related to the mechanical as well as the optical properties of the material.  The light 
rays are deviated outwards.  Thus, the crack tip, central hole, and the initial curves cannot be 
seen on the caustic images.  It was observed that the experimental inner crack caustic is not 
closed.  This is due to the crack opening displacement.   
 

 
 

Central Hole                                  Edge Crack 
Figure 7 Experimental reflected caustics images 

RESULTS 
Mode one stress intensity factor can be determined by measuring the maximum transverse 
diameter (equation 13).  However, it was noticed during the experiments that the caustic rim in 
figure 7 has a band shape rather than a fine line of figure 5.  This is due to the light diffraction 
effects.  The literature is inconclusive regarding the measurement Dmax for transmitted caustic 
(laboratory type) as outlined in reference [11].  Surprisingly, this issue has not been investigated 
about the reflected caustic yet.  The author is attempting to address this issue about the reflected 
caustic (practical application) here.   
 
In practice the actual light intensity at the caustic is bounded and the diffraction effects make the 
measurement of the diameter ambiguous.  It is worth noting at this point that KI varies as a 5/2 
power of the caustic diameter.  Thus, the effects of diffraction on the measurement of the caustic 
diameter are examined in this article in detail.  This will account for the wave-optics aspects, 
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light intensity.  A digital image analysis system was used to study the light distribution across the 
maximum caustics diameters as shown in Fig. 8.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 

Figure 8 Distribution of light intensity 
 
One school of thought measures the diameter as the outside of the black spot whereas another 
group suggests the diameter corresponding to the maximum light intensity, and some researchers 
use the outside diameter. The three diameters used to calculate KI are listed in Table 3.  First, KI 

was calculated using the stress optical constants that are available in the literatures (C1 = 3.30 
x10-10and C2 = 2.98 x10-10) m2/N.  The references do not indicate what method was used to 
obtain C.  Then, the experimental results are compared to the theoretical KI value [17, 18].  The 
percentage difference between the experimental values and the theoretical one is listed in Table 
3.  It is clear that uncertainty controls the results.     
 
Second, the proposed calibration technique was used to determine the stress optical constant 
utilizing the center hole caustic.  The three diameter were considered to calculate the stress 
optical constant (C) from equation 13.  Subsequently, KI was calculated based on the 
corresponding stress optical constant value.  For example, the stress optical constant was 
determined based on the maximum light intensity diameter and its value was used in calculating 
KI based on the maximum light transverse diameter.  The results for this proposed technique are 
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shown in table 3.  It appears that the proposed technique clears the current ambiguity in regard to 
using the reflected caustic in the fracture mechanics field. 
 

Table 3:  Percentage difference results 

Diameter Based on 
C1 

Based on 
C2 

Proposed 
technique 

Inner -7.64 +3.16 -2.43 
Maximum light intensity +7.37 +16.17 +1.73 

Outer +11.32 +21.45 +5.61 
 
CONCLUSIONS 
In this study, experimental results for determining mode one stress intensity factor at a crack tip 
using the method of reflected caustic are presented.  The focus was on selecting the experimental 
epicycloids maximum diameter.   
 
The uncertainty in selecting the maximum diameter or/and the stress optical constant was 
investigated.   An extensive diffraction error analysis showed that an interaction between the 
different reflected caustic diameter and the stress optical constant produces amplification to the 
error of determining KI. 
 
Calculating KI based on different diameters and the corresponding stress optical constant 
enhance the accuracy of the optical method of reflected caustic.  The results obtained lead to the 
following conclusions: 
 Better KI results can be obtained if the inside diameter is considered as the maximum 

diameter. 
 Regardless of the value of stress optical constant value, a large error of KI results is 

obtained if the outside caustic diameter is used. 
 As a by-product of this study one may state the importance of calibration in determining 

the stress intensity factor experimentally. It is essential that the stress optical constant 
must be determined experimentally and then used in KI calculation. 

  In spite of the diffraction effects, accurate KI results are obtained if the same diameter 
from the hole caustic is used in calculating the stress optical constant. 
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