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Let S be an analytically finite Riemann surface with type (p, n), where p is
the genus and n is the number of punctures of S. Assume that 3p − 3 + n > 0.
Let f : S → S be a pseudo-Anosov map and let a ⊂ S be a simple closed
geodesic. Denote by f m (a) the geodesic homotopic to the image curve of a
under the map f m . It is well-known [3] that S = {f m (a) : m ∈ Z} fills S
in the sense that the complement S\S consists of polygons or once punctured
polygons. Later, Fathi [2] showed that a finite subset of S fills S. It is natural
to ask if any pair of elements of S also fills S. Unfortunately, the answer to this
question is “no”. In fact, From Theorem 1.1 of [6], for any two non-separating
non-isotopic simple closed geodesics a, b on S, there is a pseudo-Anosov map f
such that f (a) = b.
By contrast, in [4], Masur–Minsky showed that there is an integer K0 , independent of the choice of a, such that (a, f m (a)) fills S for all integers m ≥
K0 . To determine the smallest possible integer K with this property, Farb–
Leininger–Margalit [1] considered the curve complex which is defined as follows.
Let Ck denote the collection of all k-th dimensional simplexes. In particular,
C0 is the set of vertices that can be identified with the set of homotopy classes
of simple closed geodesics on S. Let C(S) be the collection of Ck for all k ≥ 0.
We then turn C(S) into a metric space by specifying that each edge is of length
one, and define the path distance dC (c, c0 ), c, c0 ∈ C0 , by taking shortest paths
along edges connecting c and c0 . Let µ = limm→∞ inf dC (a, f m (a))/m. Then by
Proposition 3.6 of [4], µ > 0 and µ is independent of the choice of a. It was
shown in [1] that if m is the smallest integer so that mµ > 2, then (a, f m (a))
fills S.
In this presentation, we study the similar problem on a surface S that contains at least one puncture x. Write S̃ = S ∪ {x}. Let F be the set of
pseudo-Anosov maps of S that are isotopic to the identity on S̃. Kra [5] proved
that F is non-empty and contains infinitely many elements. Let f ∈ F and
let F : [0, 1] × S̃ → S̃ denote the isotopy between f and the identity as x is
filled in. Then c̃ = F (t, x), t ∈ [0, 1], is an oriented filling closed curve passing
Date: July 31, 2012.
1991 Mathematics Subject Classification. Primary 32G15; Secondary 30C60, 30F60.
Key words and phrases. Riemann surfaces, pseudo-Anosov, curve complex, filling curves.
1

2

C. ZHANG

through x in the sense that c̃ intersects every simple closed geodesic. Note that
the curve c̃ is defined on S̃, not on S.
For an a ∈ C0 , we denote by ã the simple closed geodesic on S̃ homotopic to
a when a is viewed as a curve on S̃. Let K = K(f ) be the smallest integer such
that (a, f m (a)) fills S whenever m ≥ K.
Theorem 1. [7] For an element f ∈ F and a ∈ C0 , we have K ≤ 3 and the
inequality is sharp. Furthermore, if ã is non-trivial and intersects c̃ more than
once, then K ≤ 2. If ã is trivial, then K = 1.
Theorem 2.
[7] Let f ∈ F and let a ∈ C0 . Assume that (a, f 2 (a)) does
not fill S. Then there is a unique simple closed geodesic b that is disjoint from
both a and f 2 (a). Furthermore, b = f (a) and {a, b} forms the boundary of an
x-punctured cylinder on S.
An immediate consequence of Theorem 2 is the following corollary.
Corollary 1. [7] Let f ∈ F and let a ∈ C0 . Assume that a and f (a) are not
disjoint. Then (a, f m (a)) for any m ≥ 2 fills S.
Our last result extends Theorem 1 and Theorem 2, which gives concrete
examples for vetices in C0 such that their distances are greater than three.
Theorem 3. [8] For any f ∈ F , any integer m ≥ 4 and any c ∈ C0 , we have
dC (f m (c), c) ≥ 4. Furthermore, for any c ∈ C0 that is non-trivial on S̃, there is
f ∈ F such that dC (f 4 (c), c) = 4.
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