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Abstract

In this paper, we discuss the solution solver for the linear system of equations

arising from the discretized 2D Helmholtz equation using the radial basis func-

tions. The coefficient matrix A that is generated from the discretization is

dense and often ill-conditioned. This paper uses preconditioned iterative meth-

ods such as the General Minimal Residual method (GMRES) to solve the linear

system. Different preconditioners are compared. Numerical experiments are

conducted in order to provide a comparison of the convergence rates among

various preconditioned linear systems. A further observation is made into the

eigenvalue distributions and the choice of the shaping parameters during the

meshless discretization. We conclude the triangular preconditioner and the di-

agonal preconditioner are both good choices for the discretized 2D Helmholtz

equation when we use the meshless discretizations.
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1. Introduction

Consider the following 2D steady-state Helmholtz in homogeneous Boundary

Value Problem (BVP) with Dirichlet boundary conditions

∆u (x, y) + k2u (x, y) = f (x, y) , x, y ∈ Ω = [0, 1]
2
, (1)

u (x, y) = g (x, y) , x, y ∈ ∂Ω = [0, 1]
2
. (2)

Where f (x, y) represents the forcing term and g (x, y) represents the Dirichlet

boundary condition. The parameter k = ω
c is called the wavenumber. Here

ω = 2πf is the angular frequency, f is the frequency in hertz, and c is the

local speed of sound (in m/s). The Helmholtz equation has applications in5

many important fields, such as in aeroacoustics, under-water acoustics, etc. In

addition, the Helmhotz equation (1) is also used to describe electromagnetics,

where it can be derived from Maxwell’s equation; see [6].

Formulated by Hermann Ludwig Ferdinand von Helmholtz, the Helmholtz

equation results from applying the separation of variables method to the wave

equation. Consider the wave equation below

∆Ψ (~x, t) =
1

c2
∂2Ψ (~x, t)

∂t2
, (3)

where Ψ (~x, t) denotes the wave function and c represents the wave velocity.

Setting equation (1.3) equal to zero and factoring out the wave function, we

arrive to the following (
∆− 1

c2
∂2

∂t2

)
Ψ (~x, t) = 0. (4)

Let us assume that the wave function is separable, i.e. Ψ (~x, t) = A (~x)T (t).

Substituting this into equation (1.4) and simplifying, we obtain

∆A (~x)

A (~x)
=

1

c2T (t)

∂2T (t)

∂t2
. (5)

Notice that the expression on the left depends solely on and the expression on

the right depends on t. Therefore, equation (1.5) is valid if and only if both sides

2



of the equation are equal to the same constant value. Let us choose the constant

value to be the expression −k2, so that we have the following two equations

∆A (~x)

A (~x)
= −k2, (6)

and

1

c2T (t)

∂2T (t)

∂t2
= −k2. (7)

Rearranging equations (1.6) and (1.7), we obtain the Helmholtz equation and a

second-order ODE in time respectively

∆A (~x) + k2A (~x) = 0, (8)

∂2T (t)

∂t2
+ k2c2T (t) = 0. (9)

Clearly we can see that the Helmholtz equation represents a time-independent

form of the wave equation.10

2. Discretization

It is common to use a five point finite difference discretization or a finite

element discretization for (1) and (2). In this paper, we will use another dis-

cretization which is known as the meshless method. dsMeshless methods have

gained much attention in recent years. Independence from a mesh is a great

advantage since mesh generation is one of the most time consuming parts of

any mesh-based numerical simulation. Element-free Galerkin method (EFG),

meshless local Petrov-Galerkin method (MLPG), and smoothed particle hydro-

dynamics (SPH) are all examples of meshless methods. In this paper we will

discuss a meshfree approach for discretization using radial basis functions. Let

Rn be n-dimensional Euclidean space. A function Φ : Rn → R is called a radial

basis function if

Φ (~x) = Φ (~y) , whenever ‖~x‖ = ‖~y‖, ~x, ~y ∈ Rn, (10)
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where ‖ · ‖ represents the Euclidean norm on Rn [5].

Ed Kansa proposed a non-symmetric method for the solution of elliptic PDEs

utilizing RBFs in the 1990s. In the context of scattered data interpolation we

are given data {~xi, fi}, i = 1, . . . , N , ~xi ∈ Rn, where we can think of the values

fi being sampled from a function f : Rn → R. The goal is to find an interpolant

of the form

Pf (~x) =

N∑
j=1

αjΦ (‖~x− ~xj‖2) , ~x ∈ Rn, (11)

such that

Pf (~xi) = fi, i = 1, . . . , N. (12)

The solution of this problem leads to a linear system Aα = f with entries of A

given by

Aij = Φ (‖~xi − ~xj‖2) , i, j = 1, . . . , N. (13)

We now switch to the collocation solution of partial differential equations.

Assume we are given a domain Ω ⊂ Rn, and a linear elliptic partial differential

equation with Dirichlet boundary conditions of the form

Lu (~x) = f (~x) , ~x ∈ Ω, (14)

u (~x) = g (~x) , ~x ∈ ∂Ω. (15)

For Kansa’s collocation method, we choose to represent the approximate solu-

tion ũ by a radial basis function expansion analogous to that used for scattered

data interpolation

ũ (~x) =

N∑
j=1

αjΦ (‖~x− ξj‖2) , ~x ∈ Rn, (16)

where Ξ = {ξ1, . . . , ξN} act as centers and χ = {~x1, . . . , ~xN} are the collocation

points of the RBF numerical solution [5]. The collocation matrix that arises
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when matching the differential equation and the boundary condition at the

collocation points is of the form

A =

ÃL
Ã

 , (17)

where the two block matrices ÃL and Ã are created as follows(
ÃL

)
ij

= LΦ (‖~xi − ξj‖2) , ~xi ∈ I, ξj ∈ Ξ, (18)

Ãij = Φ (‖~xi − ξj‖2) , ~xi ∈ B, ξj ∈ Ξ. (19)

The total dataset χ of collocation points is split into a set I of interior points and

a set B of boundary points. The problem is well-posed if the linear system Aα =

~y, with ~y a vector consisting of entries f (~xi) , ~xi ∈ I, followed by g (~xi) , ~xi ∈ B,

has an unique solution [5]. In this paper we will use Kansa’s approach with

Hardy’s MultiQuadratic (MQ) defined below

Φ (r) =
√
r2 + c2, (20)

where r represents the radial distance and c denotes the shape parameter. Using

the following equations (1.21) and (1.22) for the interior and boundary points

respectively15

N∑
j=1

(
∂2Φ (rj)

∂x2
+
∂2Φ (rj)

∂y2

)
αj = f (xi, yi) , i = 1, . . . , Ni, (21)

N∑
j=1

Φ (rj)αj = g (xi, yi) , i = Ni + 1, . . . , N, (22)
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leads to the discretized linear system Aα = ~y shown below

LΦ (‖~x1 − ξ1‖2) LΦ (‖~x1 − ξ2‖2) · · · LΦ (‖~x1 − ξN‖2)
...

...
...

...

LΦ (‖~xNi − ξ1‖2) LΦ (‖~xNi − ξ2‖2) . . . LΦ (‖~xNi − ξN‖2)

Φ
(
‖~xNi+1

− ξ1
∥∥
2
) Φ

(
‖~xNi+1

− ξ2
∥∥
2
) · · · Φ

(
‖~xNi+1

− ξN
∥∥
2
)

...
...

...
...

Φ (‖~xN − ξ1‖2) Φ (‖~xN − ξ2‖2) · · · Φ (‖~xN − ξN‖2)





α1

...

αNi

αNi+1

...

αN


=



f (~x1)
...

f (~xNi)

g
(
~xNi+1

)
...

g (~xN )


.

(23)

3. Iterative Solvers and Preconditioners

After discretization of (1), we obtain the linear system

Au = f

where A is an N-by-N matrix, u is the solution and f is the right hand side. Di-

rect methods such as Gaussian Elimination is one of the oldest and most popular

solvers for the linear system above. Direct methods compute an approximate so-

lution to a problem in a finite amount of steps.The drawback with direct solvers20

is the superlinear complexities they have in time and storage requirements [6].

Direct methods ensure higher accuracy but this in turns produces higher cost.

In contrast to direct solvers, iterative solvers solve the solution approximately

with a relative lower accuracy. Iterative solvers have become a core area of

research in numerical analysis [6]. The central issue in designing an iterative25

solver is finding an approximation of A−1. It is particularly difficult to design

a fast iterative solver for the Helmholtz equation; see review papers [1, 2, 4].

To tackle the special difficulties of the Helmholtz equation, many techniques

have been developed and integrated into three major frameworks: incomplete

factorization, (algebraic) multigrid, and domain decomposition [6].30

A general orthogonal projection method for solving the linear system

A~x = ~b, (24)
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retrieves an approximate solution ~xn from a subspace ~x0 + Kn of dimension n

by applying the Petrov-Galerkin condition

~b−A~xn ⊥ Ln, (25)

where Ln is another subspace of dimension n and ~x0 represents an arbitrary

initial guess to the solution [7]. Here, Kn represents the Krylov subspace which

is defined as

Kn (A,~r0) = span{~r0, A~r0, A2~r0, . . . , A
n−1~r0}, (26)

where ~r0 = ~b−A~x0 is the residual vector associated with ~x0. The approximations

obtained from a Krylov subspace method are of the form

A−1~b ≈ ~xn = ~x0 + qn−1 (A)~r0, (27)

where qn−1 is a polynomial of degree n− 1 [7]. If ~x0 = 0, then

A−1~b ≈ qn−1 (A)~b. (28)

Unfortunately most iterative algorithms converge slowly and the central issue

in designing an good iterative solver is to find a good approximation of the

coefficient matrix A, which is called a preconditioner. A preconditioner is any

form of implicit or explicit modification of an original linear system which makes

it simpler to solve by a given iterative method [7]. Suppose we wish to solve an

n× n nonsingular linear system

A~x = ~b. (29)

For any nonsingular n× n matrix M , the system

M−1A~x = M−1~b, (30)

has the same solution. For the idea of preconditioning to be useful, it must be

possible to compute the operation represented by the product M−1A efficiently.

Equation (2.24) describes the idea behind preconditioning the system on the

left side. If we would like to precondition the system on the right side

AM−1~y = ~b, ~x = M−1~y, (31)
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or, if M is available in split form M = M1M2, to use

M−11 AM−12 ~y = M−11
~b, ~x = M−12 ~y. (32)

In this paper, three different preocnditioners are considered:

3.1. Diagonal Preconditioning of A

Let preconditioner M1 be the diagonal elements of A as shown below35

M1 =


a11

. . .

ann

 . (33)

Where ai,j are the diagonal elements of the coefficient matrix.

3.2. Upper Triangular Preconditioning of A

Let preconditioner M2 be the upper triangular elements of A as shown below

M2 =


a11 · · · a1n

. . .
...

ann

 . (34)

3.3. Incomplete LU Preconditioning of A

Let preconditioner M3 be the incomplete LU factorization of A as shown

below

M3 =


l̂11
...

. . .

l̂n1 · · · l̂nn



û11 · · · û1n

. . .
...

ûnn

 . (35)

An ILU preconditioner can be constructed by performing Gaussian elimination

and removing elements based on certain criteria [3]. Removing all elements ex-40

cept for those in the same diagonals as the original matrix, describes the ILU(0)

preconditioner. ILU(p) allows fill-in for p additional diagonals. Removing ele-

ments smaller than a specified value, lends itself to the ILU(tol). [2] provides
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a discussion on preconditioners involving Algebraic ILU and Analytical ILU.

In applications involving M -matrices, this class of preconditioners is effective.45

However, these preconditioners are not effective for general indefinite problems

[3].

4. Numerical Experiments

Consider the following 2D Helmholtz in homogeneous boundary value prob-

lem (BVP) with Dirichlet boundary conditions (1) and (2). Let f (x, y) represent

the right hand side function and g (x, y) represent the analytical solution defined

below

f(x, y) = π2 sinh (y) cos (πx)−π2 cosh (y) sin (πx)+cosh (y) sin (πx)−sinh (y) cos (πx)+

k2 (sin (πx) cosh (y)− cos (πx) sinh (y)) ,

g (x, y) = sin (πx) cosh (y)− cos (πx) sinh (y). (36)

Numerical simulations utilizing GMRES are conducted with constant wave num-

ber k = 10 and constant shape parameter c = 0.01. We choose the desired50

tolerance to be 10−6 and the maximum number of iterations to be 1000. The

number of the discretization grid are given by N. FLAG 1 means the divergence

and FLAG 0 means convergence. RELERES denotes the residual and ITER

denotes the iterative number.

Table 1: Diagonal Preconditioner

N FLAG RELRES ITER

10 1 0.4646 1000

100 1 0.7194 1000

200 1 0.7529 1000

400 1 0.7911 876
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Table 2: Upper Triangular Preconditioner

N FLAG RELRES ITER

10 0 1.0079E-14 1

100 0 7.2723E-16 1

200 0 1.0760E-15 1

400 0 1.6820E-16 1

Table 3: ILU Factorization with setup.droptol = 0.5

N FLAG RELRES ITER

10 0 3.5319E-14 7

100 0 7.0764E-07 42

200 0 8.8037E-07 57

400 0 8.1610E-07 76

Table1 -3 shows the numerical experiments of the preconditioned GMRES55

methods with different preconditioners. Table 1 is the iteration number for the

GRMRE with a diagonal preconditioner; Table 2 is the interation number for

the GRMRE with a uppper triangular preconditioner; and the able 3 is the

interation number for the GRMRE with an incomplete LU preconditioner with

the drop tolerance 0.5. As we can see from the table, the diagonal preconditioner60

fails to converge, and the upper triangular preconditioner converges within one

step. The ILU preconditioner converges within 80 iterations. We suspect that

the upper triangular preconditioner could give the best performance if we lower

the accuracy. Tables reftable:tri1-reftable:tri3 show the iteration numbers of

the upper triangular preconditioner with different mesh sizes and tolerances:65

We have tested the mesh sizes from 32 to 1028 and the tolerances from 10−4

to 10−6. All tables shows that the upper triangular preconditioned GRMES is

robust with respect to the mesh sizes and the tolerances.
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Table 4: Upper Triangular Preconditioner with tolerance 10−6

N FLAG RELRES ITER

32 0 5.60E-08 16

64 0 3.60E-07 24

128 0 8.30E-07 30

256 0 6.20E-07 36

512 0 7.90E-07 42

1028 0 7.70E-07 52

Table 5: Upper Triangular Preconditioner with tolerance 10−5

N FLAG RELRES ITER

32 0 1.0079E-5 14

64 0 2.30E-06 23

128 0 2.40E-06 28

256 0 3.20E-06 35

512 0 5.40E-06 36

1028 0 9.50E-06 42

Table 6: Upper Triangular Preconditioner with tolerance 10−4

N FLAG RELRES ITER

32 0 1.00E-05 14

64 0 2.50E-05 19

128 0 6.60E-05 24

256 0 9.80E-05 18

512 0 7.20E-05 20

1028 0 1.00E-04 23
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Figure 1: The eigenvalue distributions of the coefficient matrix A and the preconditioned ma-

trices with the diagonal preconditioner, triangular preconditioner and the ILU preconditioner.

4.1. Further Observation

The eigenvalue distributions of the coefficient matrix A and the precondi-70

tioned matrices with the diagonal preconditioner, triangular preconditioner and

the ILU preconditioner are presented in Figure 1. Moreover, the shaping param-

eter in the Radial Basis Function plays an important role for the conditioning

of the coefficient matrix. Figure 2 shows the choice of the shape parameter

with respect to different grid sizes. We choice the shaping parameter with the75

lowest conditioner number during the numerical experiments. Table 7shows the

condition number with the optimal shape parameter.

5. Conclusion

In this paper we considered the steady state 2D Helmholtz equation with

Dirichlet boundary conditions. A discretization was performed using a meshless80

approach involving Kansa’s method along with Hardy’s MQ as our radial ba-

sis function. The linear system arising from the discretization was then solved
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by a type of Krylov subspace method known as GMRES. To better condition

the problem for numerical simulations, we considered various types of precondi-

tioners. We compared three common preconditioners: Diagonal preconditioner,85

upper triangular preconditioner, and incomplete LU preconditioner. The upper

triangular preconditioenr performed the best among all preconditioners by con-

verging to a solution in one iteration for all cases. From the eigenvalue plots,

one can see the nice clustering of eigenvalues for both upper triangular pre-

conditioner and ILU preconditioner. This is a strong indicator of why those90

preconditioned systems converged quickly.

Iterative methods for large Helmholtz problems are quite challenging espe-

cially when they are discretized by the finite element methods or finite difference

methods. The resulting linear system is a large sparse system. Most precon-

ditioned iterative methods are quite challenging in this case. However, in this95

paper, we found the preconditioned GMRES could have robust results with the

meshless discretization. The computation cost of solving the triangular matrix

is quite low. In the next study, we plan to optimize the discretization step

and study the behavior of the preconditioned GMRES. We hope with the new

implementation strategy, we could improve the accuracy o the solution.100

Table 7: Optimal Shape Parameter

N c* Condition of A

10 0.0319 682.8995

100 0.0041 9.1728E+04

200 0.0026 2.7594E+05

400 0.0015 8.5358E+05
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Figure 2: Optimal shape parameter for various sizes of N
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